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Almost all dynamical systems experience inherent uncertainties such as environmental disturbance, sensor noise,

and modeling error due to approximations. In safety-critical applications, such as control of unmanned aerial

vehicles, characterizing and controlling the statistical performance of the systembecome important tasks. This paper

describes a new robust stochastic control methodology that is capable of controlling the statistical nature of state or

output variables of a nonlinear system to desired (attainable) statistical properties (e.g.,moments). First, as the online

step, an asymptotically stable and robust output tracking controller is designed inwhich discontinuous functions are

not involved. Second, as the offline step, undetermined control parameters in the closed-loop system are optimized

through nonlinear programming. In this constrained optimization, the error between the desired and actual

moments of state or output variables is minimized subject to constraints on statistical moments. As the key point to

overcome the difficulties in solving the associated Fokker–Planck equation, a direct quadrature method of moments

is proposed. In this approach, the state probability density function is expressed in terms of a finite collection of Dirac

delta functions, with the associated weights and locations determined by moment equations. The advantages of the

proposed method are 1) the ability to control any specified stationary moments of the states or output probability

density function, 2) no need for the state process to be a Gaussian, and 3) robustness with respect to parametric and

functional uncertainties. An unmanned aerial vehicle command-tracking control is used to demonstrate the

capability of the proposed nonlinear stochastic control method and the results are successfully validated by

Monte Carlo simulations.

Nomenclature

CD0 = zero-lift drag coefficient
B = �bij�, input matrix, i� 1; . . . ; n and

j� 1; . . . ; m
D = �Dij�, uncertainty bound of the input matrix,

i� 1; . . . ; p and j� 1; . . . ; p
Ddrag = drag
d�j = normal distribution, j� 1; . . . ; Nw
E = �Eij�, diffusion term in the Fokker–Planck equation,

i� 1; . . . ; Ns and j� 1; . . . ; Ns
ei = error signal, i� 1; . . . ; p
F = �Fi�, uncertainty bound of the state dynamics,

i� 1; . . . ; p
f = �fi�, state function, i� 1; . . . ; n
G = �gij�, additive noise associated input matrix,

i� 1; . . . ; n and j� 1; . . . ; Nw
g = gravitational coefficient
h = �hi�, output function, i� 1; . . . ; p
I = identity matrix with a proper dimension
k = induced drag coefficient
ki = moment index for state i, i� 1; . . . ; Ns
kn = load-factor coefficient
L = Lie derivative operator
Mk1 ;...;kNs = k1; k2; . . . ; kNs moment of the state probability

density function
m = number of control variables
N = number of nodes in the direct quadrature form
Ns = number of state variables in the Itô form
Nw = number of additive noise

n = number of states
ng = load factor of the unmanned aerial vehicle
p = p�x�, probability density function
p = number of output variables
Q = �Qij�, covariance matrix
r = �ri�, relative degree of the output variable,

i� 1; . . . ; p
S = wing area of the unmanned aerial vehicle
s = �si�, sliding manifold, i� 1; . . . ; p
�Sk1;...;kNs = k1; k2; . . . ; kNs moment constraint
T = thrust
t = time
U = mean wind speed
u = �uj�, control variables, j� 1; . . . ; m
V = airspeed
Vw = wind speed
W = weight of the unmanned aerial vehicle
w = �wj�, Weiner process, j� 1; . . . ; Nw
w� = weight for abscissas, �� 1; . . . ; N
xi = state variable, i� 1; . . . ; n
x
_

j = state variables in the Itô form, j� 1; . . . ; Ns
hx_ji� = property vector of node � for state j, abscissas
y = �yi� output variable, i� 1; . . . ; p
z = altitude
� = flight-path angle
� = ��ij�, uncertainty of the input matrix, i� 1; . . . ; p

and j� 1; . . . ; p
� = Dirac delta function
�j� = weighted abscissas, j� 1; . . . ; Ns and

�� 1; . . . ; N
� = ��i�, control parameters, i� 1; . . . ; p
� = ��k;i�, control parameters, k� 0; . . . ; ri � 2 and

i� 1; . . . ; p
� = mean value
� = �	i�, control parameters, i� 1; . . . ; p

 = atmospheric density
� = standard deviation
� = bank angle

 = heading angle
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Subscripts

a = actual value
c = command
d = desired signal
max = maximum value
min = minimum value
0 = initial condition

Superscripts

l = lth derivative
T = matrix transpose
^ = nominal information
_ = variables or functions defined in the Itô form
� = pseudoinverse

I. Introduction

V IEWING system behaviors within a stochastic framework
allows for the inclusion of random disturbances and calculation

of expected long-term system trends. However, controlling a
stochastic system is more challenging as compared with its deter-
ministic counterpart, because the controller should be designed to
achieve not only the desired characteristics typically required by
deterministic systems, but also desired statistical characteristics
(e.g., user-specified variances, covariance, and/or higher-order
moments).

Normally, Monte Carlo simulation approaches are used to find
proper control parameters such that a desired statistical distribution
of the closed-loop system performance can be achieved. However,
this approach has a polynomial complexity in computation [1]. It
will become intractable when the system is large, which may result
in a prohibitive number of control design iterations and CPU and
labor time. Furthermore, due to the stochastic nature of the random
number generation, results may vary for each of the design
iterations.

To reduce the computational cost and provide a systematic design
methodology, extensive research efforts were spent for both linear
and nonlinear stochastic systems, as discussed subsequently.

On one hand, the stochastic control for linear systems (such
as linear quadratic Gaussian (LQG), observer-based covariance
control, optimal sliding mode regulator, and minimum energy
covariance control, etc.) has been well studied [2–12]. On the other
hand, the methods have been investigated to address nonlinear
stochastic problems, which can be broadly put into three categories.

The first and the most intuitive way of handling nonlinear sto-
chastic control problems is to linearize the system in a statistical way,
after which linear stochastic control methods could be applied [13].
The shortcoming of thismethod is obvious: it is expected that a linear
controller will only provide a good closed-loop performance locally
(i.e., close to set points for nonlinear systems [14]).

The second approach to solve nonlinear stochastic control prob-
lems is via the solution of the associated Fokker–Planck equation
(FPE) once the structure of the closed-loop system is known.
However, solving the associated FPE [15–17] makes this problem
cumbersome with few exceptions, due to the curse of dimensionality
[18–21]. To mitigate the computational cost, methods such as the
path integral method [22], cell-mapping method [23], and adaptive
grid methods [24,25] have been tried. However, the computational
cost in these methodologies is still high even for low-dimension
nonlinear control problems.

Much research has been conducted in the third category, ap-
proximation methods [14,26–32], through which the solution of the
FPE is approximated. For example, the Gaussian closure method
investigated by Sun and Xu [32] is one of them. In this approach,
the moments of order higher than two are approximated in terms of
the first- and second-order moments. However, the expectation of
nonlinear terms has to be integrated over a domain big enough such
that the majority of the probability can be captured. In the approach
proposed by Sobczy et al. [27], Wojtkiewicz and Bergman [14], and

Yue and Wang [33], a maximum entropy method has been applied;
thus, a system of nonlinear equations can be formed for user-
specified response moments. The availability of the response
probability density function (PDF) makes the evaluation of higher-
order response moments fairly effective, even though the PDF is
approximated. In the paper by Chang et al. [28], describing functions
were applied to study the covariance control for a nonlinear system.
Kim and Rock [29] used dual properties in designing a suboptimal
stochastic control in which the feedback control structure is
predefined and the mean value of the performance is controlled.
However, the weighting matrix for the error covariance needs to be
diagonal and no equality or inequality constraints can be included.
Forbes et al. [30] used Gram–Charlier expansions as the PDF basis
functions and obtained an approximately parameterized response
PDF to track the target PDF in steady state, though without a
guaranteed stability. Su and Strunz [31] applied the polynomial-
chaos-based average method to identify the uncertainty propagation
of the 12-pulse diode rectifier in aircraft power systems; yet this
method can only consider the case with one noise resource, because
the expansion series vary for different types of noise. Kumar et al.
[34] applied theGalerkin projectionmethod in solving the associated
FPE for a particular unconstrained nonlinear optimal control prob-
lem based on the policy iteration algorithm.

In short, most of the methods mentioned previously have one or
several of the following limitations:

1) It is difficult to solve the FPE in general.
2) Some expectations of nonlinear terms cannot be obtained

effectively.
3) It is not easy to handle inequality and equality constraints.
4) Stability is not guaranteed.
In the present work, a novel approach is proposed, referred to as

the direct quadrature method of moments (DQMOM), along with an
asymptotically stable nonlinear tracking control. This approach
involves representing the state PDF in terms of a finite summation of
Dirac delta functions, for which theweights and locations (abscissas)
are determined based onmoments constraints. Using a small number
of scalars, the method is able to efficiently and accurately model
stochastic processes described by themultidimensional FPE through
a set of ordinary differential equations (ODEs). Together with the
DQMOM approach, a nonlinear controller is designed here based
on the concepts of sliding manifold and input–output feedback
linearization with guaranteed asymptotic tracking stability. Different
from the commonly used sliding mode control (SMC) [35–44], the
high-speed switching (discontinuous) function shown in typical
SMCs or higher-order SMCs has been removed to satisfy the
continuity requirement in the partial derivatives of the associated
FPE. In addition, the inherent chattering problem experienced in the
commonly used SMC can be eliminated.

The main contributions of the paper can be summarized as
follows. First, the existence of a finite moment index implies that
the controlled system is stable up to the highest order of statistical
moments included in the offline design. Second, selected moments
of the state or output variables can be controlled accurately in
steady state and the state process does not need to be a Gaussian.
Third, the nonlinear controller proposed here is asymptotically
stable and robust to bounded parametric as well as functional
uncertainties.

The rest of this paper is organized as follows. First, the system
model of an affine nonlinear stochastic system is described along
with the control objectives and the nominal system used in the design
stage. Second, the governing equations of the weights and abscissas,
which are used in representing the state PDF, are derived for the
FPE based upon the proposed quadrature-based moment approach.
Third, a nonlinear robust control method is proposed based on the
concepts of input–output feedback linearization and slidingmanifold
without involving discontinuous functions. Next, the undetermined
control parameters, weights, and abscissas are optimized offline
through a constrained nonlinear optimization. Finally, a nontrivial
numerical example is illustrated, followed by the conclusion. To
make the presentation clear, detailed theoretical proofs are given in
Appendices A, B, and C.
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II. System Model and Control Objectives

Let us consider the following control-affine nonlinear stochastic
differential equation (SDE) with additive noise:

x�li�i � fi�x1; . . . ; xn; t� �
Xm
j�1

bij�x1; . . . ; xn�uj

�
XNw
j�1

gij�x1; . . . ; xn�wj�t�; i� 1; . . . ; n (1)

and an output model to be

yi � hi�x1; . . . ; xn�; i� 1; . . . ; p (2)

where xi � �xi; _xi; . . . ; x�li�1�i �T 2 Rli and x�li�1�i ≜ dli�1xi=dt
li�1 are

states with up to li � 1 derivatives, u� �u1; . . . ; um�T 2 Rm is the
control input, and B� �bij�x1; . . . ; xn�� 2 Rn�m and f � �f1; . . . ;
fn�T 2 Rn are the input matrix and state function, respectively.
The relative degree of the output y� h� �y1; . . . ; yp�T 2 Rp is
r� �r1; . . . ; rp�T 2 Rp. In this paper, only the case when p 	 m is
considered to avoid numerical errors in the pseudoinverse associated
with the proposed controller. When p >m, singular perturbation or
multi-time-scale decomposition methods can be used [45,46]. Also,
w�t� � �w1; . . . ; wNw � 2 RNw is assumed to be a Weiner process
[15] with a zero mean and a covariance matrix of Q�t�, and G�
�gij� 2 Rn�Nw is the associated matrix.

The nonlinear robust controller is designed based on the following
nominal system,

x�li�i � f̂i�x1; . . . ;xn; t� �
Xm
j�1

b̂ij�x1; . . . ;xn�uj; i� 1; . . . ; n (3)

with the nominal output model as

yi � ĥi�x1; . . . ; xn�; i� 1; . . . ; p (4)

where ^ represents the nominal information. The parametric
uncertainties of the input matrix are bounded by j�ijj 	 Dij

(i, j� 1; . . . ; p), where the bounds are calculated by

�I��� � �LBLr�1f h�x���LB̂Lr�1f̂
ĥ�x���; � 2 Rp�p (5)

and I is an identity matrix with a proper dimension, B and B̂ are
assumed to satisfy thematching condition [41] [that is, themaximum
eigenvalue of the matrix D satisfy �max�D�< 1], and L and � are
used to denote theLie derivative and the pseudoinverse, respectively.
The error between the nominal and actual state functions is bounded
by F� �F1; . . . ; Fp�T 2 Rp as

Fi � j � Lrif hi � L
ri

f̂
ĥij; i� 1; . . . ; p (6)

Note that the particular formof these uncertainties is coming from the
stability proof of the output tracking control design.

The control objectives are 1) to stabilize the system while being
capable of tracking the desired trajectory yi;d, where i� 1; . . . ; p,
and 2) to achieve desired stationary statistics of the states/output
PDF. For example, the desired stationary PDF distribution can be
characterized by, but not limited to, the values ofmean, variance, and
any high-order moments.

III. Nonlinear Stochastic Control Based
upon DQMOM

Once the feedback control law uj � uj�x1; . . . ; xn;�;��, to be
described in the next section, is designed, the state equation of the
closed-loop SDE (1) can be rewritten as

x�li�i � fi�x1; . . . ; xn; t� �
Xm
j�1

bij�x1; . . . ; xn�uj�x1; . . . ; xn;�; ��

�
XNw
j�1

gij�x1; . . . ; xn�wj�t�; i� 1; . . . ; n (7)

where � and � are the control parameters to be determined. The
lith-order ODE (7) can be converted into the Itô form as

dx
_

i � f
_

i�x1; . . . ; xn;�;�; t�dt

�
XNw
j�1

g
_

ij�x1; . . . ; xn�d�j�t�; i� 1; . . . ; Ns (8)

where

Ns �
Xn
i

li

is the number of states x
_

i (i.e., x
_�t� � �x_i� 2 RNs ) in the first-order

system. According to Jazwinski [15], wj�t� 
 d�j�t�=dt and

d�j�t� 
 N�0; dt� is a normal distribution.G
_

� �g_ij� 2 RNs�Nw is the
associated matrix. Note that Eq. (7) is preferred in the nonlinear
robust control design, whereas Eq. (8) is more convenient for the
stochastic part.

If the process described by the SDE (8) is a Markovian diffusion
process, the PDF characterizing this process is governed by the FPE
[15–17] as

@p

@t
��

XNs
i�1

@�pf
_

i�
@x
_

i

� 1

2

XNs
i�1

XNs
j�1

@2�p�G
_

QG
_T�ij�

@x
_

i@x
_

j

(9)

wherep� p�x_� is the state PDF. Thefirst term on the right-hand side
(RHS) of the FPE is the drift term, whereas the second one is the
diffusion term.

Here, a new quadrature-based moment approach is proposed for
solving the FPE efficiently. This method involves the approximation
of the state PDF in terms of a finite summation of Dirac delta
functions as

p�x_�t�� �
XN
��1

w��t�
YNs
j�1
��x_j � hx

_

ji�� (10)

where N is the number of nodes, w� � w��t� denotes the corre-

sponding weight for node � (�� 1; . . . ; N), and hx_ji� � hx
_

ji��t�
(j� 1; . . . ; Ns) represents the property vector of node �, called
abscissas here.

Theorem 1: The dynamics of the abscissas hx_ji� and weights w�
are governed by the following differential algebraic equations:

XN
��1

��
1 �

XNs
j�1

kj

�YNs
q�1
hx_qi

kq
�

�
a�

�
XN
��1

XNs
j�1

kjhx
_

ji
kj�1
�

YNs
q�1;q≠j

hx_qi
kq
� cj� � �Sk1 ;...kNs (11)

where

dw�=dt≜ a�; �� 1; . . . ; N (12)

and

d�j�=dt≜ cj�; j� 1; . . . ; Ns; �� 1; . . . ; N (13)

Here, the weighted abscissas �j� ≜ w�hx
_

ji� is introduced. The
k1; k2; . . . ; kNs moment constraint is derived as

�S k1;...;kNs ≜
�S1k1 ;...;kNs � �S2k1 ;...;kNs

1310 XU



where

�S1k1;...;kNs �
XNs
i�1

XN
��1

kiw��t�hx
_

1ik1� � � � hx
_

i�1iki�1� hx
_

iiki�1� hx_i�1iki�1� � � �

hx_Nsi
kNs
� f

_

i�hx
_

1i�; . . . ; hx
_

Ns
i�� (14)

and

�S 2
k1 ;...;kNs

�

8>><
>>:

PNs
i�1
PNs

j�1
P

N
��1 w�kikj

�QNs
q�1hx

_

qi
kq
�

��
hx_ii�hx

_

ji��E�x
_��ijjhx_1i�;...;hx

_
Ns i�

i ≠ j

PNs
i�1
PNs

i�1
P

N
��1 w�ki�ki � 1�

�QNs
q�1hx

_

qi
kq
�

��
hx_ii2��E�x

_��iijhx_1i�;...;hx
_
Ns i�

i� j
(15)

whereE≜ 1
2
G
_

QG
_T

is the diffusion term. The proof of Theorem 1 is
shown in Appendix A. Once the abscissas and weights are
calculated, any selected statistical moment of the state PDF can be
found from

Mk1k2;...;kNs ≜
XN
��1

w�
YNs
j�1
hx_ji

kj
� (16)

where k1; k2; . . . ; kNs are nonnegative integers and used to denote the
k1; k2; . . . ; kNs moments of the state statistics.

Lemma 1: For any selected nonnegative integers k1; k2; . . . ; kNs ,
the corresponding stationary moment of the PDF is governed by

�S k1;...;kNs � 0 (17)

Proof: In steady state, the abscissas and weights of the moments will
not change in time; therefore, based on Eq. (11), the left-hand side
(LHS) is zero.

Through the approach described in Theorem 1 and Lemma 1,
weights and abscissas are determined based on the constraints from
the evolution of moments. Using a small number of scalars, this
method is able to efficiently and accurately model stochastic
processes described by the multivariable FPE through a set of ODEs
instead of computationally intensive partial differential equations.

IV. Nonlinear Robust Control

In this section, a nonlinear robust controller uj � uj�x1; . . . ;
xn;�;�� will be proposed. Unlike a commonly used SMC approach
[35–37], there is no discontinuous function involved. The latter fact
is preferred by the FPE-based approach because of continuity
requirements in the partial derivatives. Let us define the sliding
manifold s� �s1; . . . ; sp�T 2 Rp as

si �
Xri�2
k�0

�k;ie
�k�
i � e

�ri�1�
i ; i� 1; . . . ; p (18)

where �k;i > 0 (k� 0; . . . ; ri � 2 and i� 1; . . . ; p) can be any
positive number and the error signal is defined as ei � yi;d � yi
(i� 1; . . . ; p).

Theorem 2: For a nonlinear system [Eq. (1)] with bounded
parametric and functional uncertainties [Eqs. (5) and (6)], the
proposed multiple-input/multiple-output feedback control scheme

u ��LB̂Lr�1f̂
ĥ�x���

�
dryd
dtr
�Lr

f̂
ĥ�x��

Xr�2
k�0
�k � e�k�1� �� � s

�
(19)

guarantees that the closed-loop system is globally asymptotically
stable for tracking desired signal yi;d. Note that �k � ��k;i�
(i� 1; . . . ; p) and the elementwise multiplication � � s� �	1s1; . . . ;
	psp�T 2 Rp is applied.

Lemma2: The time-varying feedback gain �� �	1; . . . ; 	p�T 2 Rp

can be uniquely solved from

F �D
����d
ryd
dtr
�Lr

f̂
ĥ�x��

Xr�2
k�0
�k � e�k�1�

������ � s��I�D�� � s (20)

for any positive numbers � and �. In the case of si ! 0, the
magnitude of 	isi instead of 	i will be calculated using Eq. (20),

because the proposed controller [Eq. (19)] only uses 	isi. The sign of
	isi is determined by si because 	i > 0. The proofs of Theorem 2 and
Lemma 2 are provided in Appendices B and C, respectively.

V. Offline Constrained Nonlinear Optimization

The objective is to achieve the desiredmoments of the closed-loop
system. The basic procedure involves the minimization of the

weighted error norm between the desired moment M
k1k2;...;kNs
d and

actual moment Mk1k2;...;kNs through nonlinear programming (one of
the two objectives for the stochastic control design). The equality
constraint is

XN
��1

w� � 1

(property of the PDF) and Eq. (17) (a set of nonlinear functions), and
� > 0 (stability requirement), �> 0 (stability requirement), and
w� > 0 (property of the PDF) are inequality constraints. The
parameters to be optimized are control parameters � and �, the
weightsw�, and the abscissas hx

_

ji�. Note that due to the flexibility of
the nonlinear programming (NLP) approach used here, the
performance index can be extended to a more general form, but not
limited to the quadratic-type index.

The structure of the optimization is summarized and demon-
strated, as shown in Fig. 1. First, the desired stationary moments

M
k1k2 ;...;kNs
d are specified by users. After that, an NLP optimal control

algorithm will be used to find desired optimal control parameters
� and� through theDQMOMapproach. Finally, the found controller
parameters will be implemented in the nonlinear robust control.
In brief, the algorithm is outlined here:

Step 1) Design nonlinear robust control using Theorem 2 and
Lemma 2.

Step 2) Reformulate the closed-loop system in the Itô form
including the unknown but constrained control parameters.

Step 3) From the Itô form, construct the governing equation of the
state probability density using the proposed DQMOM approach
based on Theorem 1 and Lemma 1.

Offline
Optimization  

through DQMOM 

Nonlinear
Robust

Controller
Dynamics 

Sensor

Mission
Objective

Fig. 1 Outline of the stochastic robust control algorithm.
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Step 4) Form a nonlinear programming problem to solve the
unknown control parameters as described in this section.

Step 5) Apply the found control parameters in the nonlinear robust
controller and the statistic performance can be validated through
Monte Carlo simulation.

VI. Numerical Simulation

The effectiveness of the proposed algorithm is demonstrated in
the following nontrivial generic unmanned aerial vehicle (UAV)
command-tracking problem. Note that although the example used
here is a state feedback controller, themethodologies proposed in this
paper can be extended to output feedback control, in which the actual
and desired moments of output variables instead of state variables
will be in the offline optimization.

A. Dynamics Model and Control Objectives

Assuming that the Earth is flat and the fuel expenditure is
negligible (i.e., the center of mass is time-invariant), the UAV
dynamics can be expressed in the wind system as

_x�
_V
_�
_


2
4

3
5�

g��T �Ddrag�=W � sin ��
�g=V��knng cos�� cos ��
gknng sin�=�V cos ��

2
4

3
5�Gw (21)

where the drag is calculated by

Ddrag � 0:5
�V � Vw�2SCD0
� 2kk2nn

2
gW

2=�
�V � Vw�2S�≜Ddrag;1 �Ddrag;2 (22)

Here, V, �, and 
 represent the airspeed, flight-path angle, and
heading angle, respectively. The control variables are the applied
thrust T �T 	 113; 868:8N�, load factor ng ��1 	 ng 	 2:66�, and
bank angle � ��25 deg 	 � 	 25 deg�. The constants used in the
model [47] are wing area S� 37:16 m2, zero-lift drag coefficient
CD0 � 0:02, load-factor effectiveness kn � 1, induced drag
coefficient k� 0:1, gravitational coefficient g� 9:81 kg=m2,
atmospheric density 
� 1:2207 kg=m3, and the weight of the
selected UAV W � 14515 g. To facilitate the control design, the
drag has been separated into two parts:

Ddrag;1 ≜ 0:5
�V � Vw�2SCD0

and

Ddrag;2 ≜ 2kk2nn
2
gW

2=�
�V � Vw�2S�

as shown in Eq. (22). The gust model Vw � Vw;normal � Vw;tang is
scaled based on [48] and varies according to the altitude z. In the
simulated gust, the normal wind shear is given by

Vw;normal � 0:215Ulog10�z� � 0:285U (23)

where U� 22:07 m=s is the mean wind speed at an altitude of
5000 m. The turbulence part of the wind gust Vw;tang has a Gaussian
distribution with a zero mean and a standard derivation of 0:09U.

The first control objective is to track the desired output Vd�
90 m=s, �d � 5 deg, and 
d � 1 deg from the initial condition of
V0 � 80 m=s, �0 � 0 deg, and 
0 � 0 deg. The second objective is
to achieve desired stationary performance statistics of the state
variables under two different noise levels. Here, a quadratic form of
the index is used as

J�
�X3
i�1

$i��i � �i;d�2 �
X3
i�1

#i��2i � �2i;d�2
�
1=2

(24)

where themean�i (i� 1, 2, 3) and variance �2i (i� 1, 2, 3) variables
can be calculated from the moments [Eq. (16)]. The weights of the

performance index (i.e., $i and #i, where i� 1, 2, 3) are tuned to
achieve a better convergence in NLP.

B. Uncertainty and Noise Models

The uncertainties and noise considered in the control design and
simulation in Sec. VI.E are described here. In this problem, w�t� 2
R3 [Eq. (21)] is assumed to be aWeiner processwith a zeromean and
a covariance matrix ofQ�t�, and the associated matrixG is assumed
to be the identity matrix as I 2 R3�3. For the purpose of illustrating
the capabilities of the algorithm, two noise settings are tried:

case 1: Q�
�0:25 m=s2�2 0 0

0 �1 deg =s�2 0

0 0 �1 deg =s�2

2
4

3
5 (25)

and

case 2: Q�
�0:025 m=s2�2 0 0

0 �0:1 deg =s�2 0

0 0 �0:1 deg =s�2

2
4

3
5
(26)

The control effectiveness of the thrust is assumed to be uniformly
distributed as

Ta � �1��T�Tc (27)

whereTc andTa are the command and actual thrust, respectively. The
uncertainty �T is uniformly distributed over ��0:05; 0:05�. The
measurement noise in a typical speed indicator�V is assumed to be a
Gaussian having a zero mean and 0:05 m=s (�
 0:1 kt) variance.
Furthermore, a zero mean and 0.1-deg-variance Gaussian noise is
assumed for both the flight-path angle�� and the heading angle�

measurements.

C. Nonlinear Robust Control Design

Rewrite the dynamics of the selected UAV [Eq. (21)] in terms of
Eq. (1) as

_x� f�x� �B�x�u� Gw; y� x (28)

where

f �x� �
�g sin � � gDdrag=W
��g=V� cos �

0

2
4

3
5 (29)

and

B �x� �
g=W 0 0

0 kng=V 0

0 0 gkn=�V cos ��

2
4

3
5 (30)

To handle the nonaffine issue, a set of new control variables u 2
R3�1 is introduced as u1 ≜ T, u2 ≜ ng cos�, and u3 ≜ ng sin�.
Reversely, the actual control commands can be calculated by tan��
u3=u2 and ng �

����������������
u22 � u23

p
.

The nominal model used in the robust stochastic control design is

_x� f̂�x� � B̂�x�u (31)

where

f̂�x� �
�g sin �̂ � gD̂drag;1=W

��g=V̂� cos �̂
0

2
4

3
5 (32)

and
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B̂�x� �
g=W 0 0

0 kng=V̂ 0

0 0 gkn=�V̂ cos �̂�

2
4

3
5 (33)

in which D̂drag;1 � 0:5
V̂2SCD0. The remaining part of the drag will
be regarded as an uncertainty.

Based upon Theorem 2, the nonlinear robust control has the
following form:

u � B̂�1
�
dyd
dt
� f̂�x� � � � s

�
(34)

and the sliding surface is s� yd � y, because the relative degree of
the system is one [Eq. (18)]. To achieve the asymptotical stability,
control parameters � need to satisfy

F �D
����dyddt � f̂

������ � s� �I �D�� � s (35)

where � > 0; � 2 R3�1 will be selected through the optimization to
be discussed in Sec. VI.D. Taking into account the uncertainties
mentioned previously, the functional uncertainty bounds F�
�F1; F2; F3�T are derived as

F1 � jf̂1 � f1j � jg=W�Ddrag;1 �Ddrag;2 � D̂drag;1�

� g sin � � g sin �̂j 	 g=WjDdrag;1 � D̂drag;1j
� g=WjDdrag;2j � gj��j (36)

F2 � jf̂2 � f2j � j�g=V� cos �

� �g=V̂� cos �̂j 	 �g=Vmin���j sin �maxj (37)

and F3 � 0, where

j�Ddrag;1 � D̂drag;1�j � 0:5
SCD0j�V � Vw�2 � V̂2j

	 0:5
SCD0��V2 � V2
w;max � 2jVmax�V̂ � Vw�maxj

� 2j�VVw;maxj� (38)

and

jDdrag;2j 	 2kk2nW
2n2g;max=�
SjVmin � Vw;maxj2� (39)

In the simulation, the speed of the UAV is assumed to be within
80–120m/s, and theflight-path angle is constrained by
10 deg. The
uncertainty bounds of the input matrix D� diag�D11; D22; D33�
are derived as D11 � 0:05,

D22 � kngj�V̂ � V�=�VV̂�j 	 kng�j�Vj�=V2
min (40)

and

D33 � kng
���� 1

V cos �
� 1

V̂ cos �̂

����
	 kng

j��Vmax sin �̂ ��V�� sin �̂j � j�Vjj cos �̂j
V2
mincos

2�min

(41)

when �� is small.

D. Stochastic Control Design

With the control law defined as shown in Eqs. (34–41), the closed-
loop system can be converted to the following Itô form as

dx
_� f

_

�x;��dt�G
_

d��t� (42)

where

f
_

�x;�� � �f
_

i�i�1;2;3 � f�x� �BB̂�1�dyd=dt � f̂�x� � � � s�

G
_

�G, and � � s is a function of the control parameter �> 0. Note

that d��t� 
w�t�dt and x_� x for this numerical example. The

corresponding FPE that governs the state PDF p�x_� is derived as

@p

@t
��

X3
i�1

@�pf
_

i�
@x
_

i

�
X3
i�1

X3
j�1

@2�p�E�x��ij�
@x
_

i@x
_

j

(43)

whereE� 1
2
G
_

QG
_T

. In this example, the state PDF is approximated
through the DQMOM approach as

p�x_� �
XN
��1

w��t�
Y3
j�1
��x_j � hx

_

ji�� (44)

and the k1, k2, and k3 moments of the state PDF are derived as

Mk1k2k3 �
XN
��1

w�
Y3
j�1
hx_ji

kj
� (45)

E. Simulation Settings and Results

The moment constraints in Eq. (11) are selected to be

k1 � � 1; 0; 0; 2; 0; 0; 1; 1; 0; 3; 0; 0; 2; 2; 0; 1 �
k2 � � 0; 1; 0; 0; 2; 0; 1; 0; 1; 0; 3; 0; 1; 0; 2; 2 �
k3 � � 0; 0; 1; 0; 0; 2; 0; 1; 1; 0; 0; 3; 0; 1; 1; 0 �

(46)

for the case of N � 4 after trials and errors. In this moment
description, for example, the first column �1; 0; 0�T gives the mean
value of the speed, whereas the seventh column �1; 1; 0�T presents the
covariance of the speed and the flight-path angle. The MATLAB®
function fminsearch is used for the NLP optimization to find
the proper control parameter �. The Euler–Maruyama scheme [49]
is used in the propagation of the SDE (42). The found control
parameters are tested in 4000 Monte Carlo runs and compared with
the case in which arbitrarily selected parameter �� �1; 1; 1�T is used
(i.e., without the offline stochastic optimization). To simplify the
description, the proposed stochastic robust controller is denoted as
method 1, and the nonlinear robust controller method using
arbitrarily selected control parameters is represented as method 2.
Note that the uncertainties and noise mentioned in Sec. VI.B are
applied in the Monte Carlo simulation to show the robustness of the
algorithm.

Of course, the control parameters can be carefully selected in
method 2, but it may require many design iterations and intractable
Monte Carlo simulations to obtain the desired statistics.

It can be seen in Figs. 2–7 that the mean values of the speed V,
flight-path angle � and heading angle 
 are successfully controlled
with relatively small steady-state errors in both methods, except in
the speed histories in Figs. 2 and 3. Under these two different noises,
the mean values of the speed achieved by method 1 are 89.64 and
89.45, respectively, whereas those of method 2 are 88.71 and 88.80,
respectively. Therefore, in terms of controlling the mean value of the
states, there are no significant differences between method 2 and the
proposed method 1, because both methods are asymptotically stable
in tracking.
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Fig. 2 Mean value of the speed (case 1).

XU 1313



The significance and advantage of method 1 can be easily seen
from Figs. 8–11: method 1 has successfully controlled the variances
�2V;a, �

2
�;a, and �

2

;a very closely toward the desired values as 0.095,

0.255, and 0.26 in case 1. Note that the units are intentionally
neglected for a convenient description here. However, in method 2,
the stationary variance values are 0.36 (Fig. 8), 1.04 (Fig. 10), and
1.05 (Fig. 10), respectively, which are far away from the desired
statistic (0.1, 0.25, and 0.25, respectively). The same conclusion can
bemade in case 2, as shown in Figs. 9 and 11. Furthermore, as shown
in Figs. 8 and 9, the relatively larger magnitude shown in the first part
of speed variance represents a wider distribution of the speed
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Fig. 3 Mean value of the speed (case 2).

0 2 4 6 8 10
0

1

2

3

4

5

6

Time (s)

F
lig

ht
 P

at
h 

A
ng

le
 (

º)

Command

Method 1

Method 2
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performance in the Monte Carlo simulation, which does not mean a
relatively larger transient performance.

In Tables 1 and 2, the subscripts d, o, a, and t denote the desired
value, the value achieved from the offline optimization through the
DQMOM approach, the actual value found in method 1 (validated
through the Monte Carlo simulation), and the actual value found
through method 2 (validated through the Monte Carlo simulation).
The achieved control parameters �a for both cases are listed as
well. As shown, the stationary mean and variance values found from
the optimization (method 1) match well with the Monte Carlo
simulation. For example, the desired variance of the heading angle in
case 1 is �2
;d � 0:25, the achieved variance in the optimization is

�2
;o � 0:25, whereas when the control parameters obtained in the
optimization is used in the Monte Carlo simulation, the achieved
variance is �2
;a � 0:26. The same conclusion can be made for both
cases.

Based on the theoretical derivation and simulation comparison, it
can be concluded that the robust nonlinear control design satisfies the
asymptotical stability under parametric and functional uncertainties,
but they do not provide satisfactory in the statistical performance of
the closed-loop system. By comparison, the method proposed here
(i.e., method 1) provides a convenient and precise approach to
quickly identify control parameters that enable the closed-loop
system to have the desired statistical moment values.

VII. Conclusions

In this paper, a novel approach based upon the direct quadrature
method of moments is proposed for nonlinear systems subject to
parametric and functional uncertainties with random excitations.
The state PDF in the closed-loop system is expressed in terms of a
finite collection of Dirac delta functions, and the evolution of the
associated weights and locations is governed bymoment constraints.
In this approach, the difficulties in solving the associated Fokker–
Planck equation are alleviated. The proposed nonlinear feedback
controller is robust with respect to parametric and functional
uncertainties without discontinuous functions involved, which is
preferred by the associated Fokker–Planck equation. The advantages
of the method are as follows:

1) It is able to control the distribution of any specified stationary
moments of the states/output probability density function.

2) Themethod is of interest because the process is not necessarily a
Gaussian.

3) The controller is robust with respect to parametric and func-
tional uncertainties without involving discontinuous functions.

A nontrivial UAV tracking problem has been used to demonstrate
the capability of the proposed nonlinear stochastic control method.

Appendix A: Moments Equation in DQMOM

For convenience, the FPE of the state PDF [Eq. (9)] is repeated
here as

@p

@t
��

XNs
i�1

@�pf
_

i�
@x
_

i

� 1

2

XNs
i�1

XNs
j�1

@2�p�G
_

QG
_T�ij�

@x
_

i@x
_

j

(A1)

and the state PDF [50] can be represented as a summation of a
multidimensional Dirac delta function:

p�x_�t�� �
XN
��1

w��t�
YNs
j�1
��x_j � hx

_

ji��t�� (A2)

Substituting Eq. (A2) into Eq. (A1), the LHSof Eq. (A1) is derived as
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(A3)

where �j� ≜ ��x_j � hx
_

ji�� and �0j� ≜ @�j�=@hx
_

ji�. If the weighted

abscissas �j� ≜w�hx
_

ji� is introduced, Eq. (A3) can be further
simplified as
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Note that w�, �j�, and �j� are functions of time, and thus the partial
derivatives of the functions can be written as total derivatives:
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(A5)

With the definitions of

dw�=dt≜ a�; �� 1; . . . ; N (A6)

and

d�j�=dt≜ cj�; j� 1; . . . ; Ns; �� 1; . . . ; N (A7)

Equation (A5) can be derived as

Table 1 Stochastic control scenario and results: mean

�V , m=s �� , deg �
, deg

Casesa �V;d �V;o �V;a �V;t ��;d ��;o ��;a ��;t �
;d �
;o �
;a �
;t

1 90.000 90.000 89.650 88.710 5.000 5.000 5.000 5.020 1.000 1.000 1.000 0.990
2 90.000 90.000 89.450 88.800 5.000 4.990 5.000 5.000 1.000 1.000 1.000 0.990

aThe control parameters are �a � �4:239; 4:599; 4:500�T for case 1 and �a � �2:136; 2:798; 2:899�T for case 2.

Table 2 Stochastic control scenario and results: variance

�2V , m
2=s2 �2� , deg

2 �2
, deg
2

Casesa �2V;d �2V;o �2V;a �2V;t �2�;d �2�;o �2�;a �2�;t �2
;d �2
;o �2
;a �2
;t

1 0.100 0.100 0.095 0.360 0.250 0.250 0.255 1.040 0.250 0.250 0.260 1.050
2 0.020 0.020 0.020 0.040 0.050 0.049 0.048 0.112 0.050 0.050 0.047 0.113

aThe control parameters are �a � �4:239; 4:599; 4:500�T for case 1 and �a � �2:136; 2:798; 2:899�T for case 2.

XU 1315



@p

@t
�
XN
��1

�YNs
j�1
�j� �

XNs
j�1

YNs
q�1;q≠j

hx_ji��q��0j�
�
a�

�
XN
��1

�XNs
j�1

YNs
q�1;q≠j

�q��
0
j�

�
cj� (A8)

and the FPE can be written in terms of the multivariable Dirac delta
function as
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where the RHS of Eq. (A9) is denoted by the following expression:
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It can be seen in Eq. (A9) that there are total N�1� Ns� parameters

to be found to construct the state PDF p�x_�t��: a� and cj�
(j� 1; . . . ; Ns and �� 1; . . . ; N). The DQMOMmethod applies an
independent set of user-defined moment constraints to construct
N�1� Ns� algebraic ODEs.

Given the following three Dirac delta function properties,

Z �1
�1

x
_k��x_ � hx_i��dx
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and
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x
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_� k�k � 1�hx_ik�2� (A13)

the k1, k2; . . . ; kNs moments of Eq. (A9) can be written as follows:
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After rearranging and simplifying Eq. (A14), the N�1� Ns�
unknown parameters can be found in
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where �Sk1 ;...;kNs ≜
�S1k1;...;kNs � �S2k1;...;kNs . The first term in the LHS of

Eq. (A15) can be simplified as
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whereas the second term in the LHS of Eq. (A15) is
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In the same way, the third term of the LHS in Eq. (A15) is
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The k1, k2; . . . ; kNs moments of the RHS of Eq. (A15) are then
derived to be
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Through a similar derivation, when i ≠ j,
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whereas when i� j,
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Thus, the N�1� Ns� ODEs can be constructed using a set of
independent moment constraints k1; . . . ; kNs , as shown in Eq. (11).

Appendix B: Stability Analysis of the Robust
Nonlinear Control

To help illustrate the derivation, the sliding manifold in Eq. (18) is
repeated here as

si �
Xri�2
k�0

�k;ie
�k�
i � e

�ri�1�
i ; i� 1; . . . ; p (B1)

and V � sTs=2 � 0 is chosen as the candidate Lyapunov function.
Then the derivative of the sliding manifold can be written as

_s i �
driyi;d
dtri

� d
riyi
dtri
�
Xri�2
k�0

�k;ie
�k�1�
i ; i� 1; . . . ; p (B2)

Using the matching condition, Eq. (B2) can be deduced in the vector
form as
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ĥ�x��

Xr�2
k�o
�k � e�k�1�

�
	 F� �I�D�� � s

�D
����d
ryd
dtr
�Lr

f̂
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Here, � > 0. Therefore, if si ≠ 0, then _V < 0. In the case of si � 0,

e�ri�1�i ��
Xri�2
k�0

�k;ie
�k�
i

Let us define ei � �ei; _ei; . . . ; eri�2i �T , and thus _ei � � _ei; �ei; . . . ;
eri�1i �T �Aei, where
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. ..
. ..

. ..
. ..
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2
66664

3
77775 (B4)

With a properly chosen �k;i (k� 0; . . . ; ri � 2), matrix A is a
Hurwitz matrix and all the eigenvalues of A have strictly negative
real parts. For anymatrixR�RT > 0, there is a unique solution that
satisfies PA�ATP ��R and P � PT > 0. The derivative of the
selected Lyapunov function V1 � eTPe � 0 can be derived as

_V 1 � �Aei�TPe� eTPAei ��eTi Rei 	 ��min�R�keik22 (B5)

where �min�R� is the minimum eigenvalue of the matrix R.
Because the set f _V1�ei� � 0g contains no trajectory of the system

except the trivial one ei � 0, the controlled system is globally
asymptotically stable [51].

Appendix C: Proof of Lemma 1

Based on Eq. (B3), 8 si > 0, the Lyapunov stability requires

Fi �
Xp
j�1

Dijjy
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rj
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ĥj �

Xrj�2
k�0

�k;je
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j�1

Dijj	isjj (C1)

and 8 si < 0, the Lyapunov stability requires

Fi �
Xp
j�1

Dijjy
rj
j;d � L

rj
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ĥj �

Xrj�2
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��	isi �
Xp
j�1

Dijj	isjj (C2)

For case 1, si > 0 or si < 0, 8 i 2 �1; . . . ; p�; under this case, both
Eqs. (C1) and (C2) can be written as

Fi �
Xp
j�1

Dijjy
rj
j;d � L

rj

f̂
ĥj �

Xrj�2
k�0

�k;je
�k�1�
j j � j�isij

� j	isij �
Xp
j�1

Dijj	isjj (C3)

Let us define �i � j	isij> 0 and �� �	1; . . . ; 	p� 2 Rp.
Equation (C3) can be written in a vector form as

� � � �D�� �I �D�� (C4)

where �� ��i� (i� 1; . . . ; p),

�i � Fi �
Xp
j�1

Dijjy
rj
j;d � L

rj

f̂
ĥj �

Xrj�2
k�0

�k;je
�k�1�
j j � j�isij (C5)

Because of the uncertainty matching function [41], the maximum
eigenvalue of matrix D is less than one. According to the Perron–
Frobenius theorem, if �> 0 and the maximum eigenvalue of matrix
D is less than one, there exists a unique solution of � and � > 0. The
unique and positive � can be found by
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	i �
�
�i=si si > 0

��i=si si < 0
(C6)

For case 2, sl > 0, sq < 0, l; q 2 �1; . . . ; p�, and q ≠ l. Let us define
�l � 	lsl for sl > 0 and �q ��	qsq for sq < 0. Equations (C1) and
(C2) can be simplified as

Fl �
Xp
j�1

Dlj

����yrjj;d � Lrjf̂ ĥj �
Xrj�2
k�0

�k;je
�k�1�
j

����

� �lsl � 	lsl �
Xp
j�1

Dljj	jsjj (C7)

and

Fq �
Xp
j�1

Dqj

����yrjj;d � Lrjf̂ ĥj �
Xrj�2
k�0

�k;je
�k�1�
j

������qsq

��	qsq �
Xp
j�1

Dqjj	jsjj (C8)

The left sides of both Eqs. (C6) and (C7) are positive values. Using
the preceding definition for �, the first term of the right side is also
positive. Equations (C6) and (C7) can bewritten in the vector form as
�� �I �D��. Based on the same derivation as shown in case 1,
there exists a unique and positive solution for�, fromwhich a unique
� can be calculated explicitly. In case of si ! 0, the magnitude of
	isi��i � j	isij� instead of 	i will be calculated.
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